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l. Introduction 
We shall be concerned with sentences formulated in the lower predicate 
calculus in terms of relations (atomic predicates), individual constants 
and variables, individual quantification, and propositional connectives. 
We suppose for the sake of definiteness that no functors are included in 
the language, but the arguments and results of the present paper are 
equally true in the alternative case. The set of relations, supposed non-
empty, will be kept fixed throughout, so that when we consider a structure 
(relational system) M we suppose implicitly that all the relations of the 
calculus are defined in it. 
A sentence X is said to be defined in a structure M if all the individual 
constants of X occur in M. X will be said to be defined in a set of sentences 
K if every individual constant that occurs in X occurs also in some sentence 
of K. Note that X may well be deducible from K without being defined 
in it. Note also, that according to the present definition, X may contain 
relations which do not occur anywhere inK and may still be defined inK. 
A basic sentence (the term is due to R. CARNAP, ref. l) is an atomic 
sentence or the negation of such a sentence. The diagram N of a model M 
(e.g. ref. 5) is the set of all basic sentences which hold in M. 
Two sets of sentences K, K' are equivalent (write K- K') if all 
sentences of K' are deducible from K and all sentences of K are deducible 
from K'. Given sets of sentences K, K', Ko, we say that K is equivalent 
to K' with respect to Ko and we write K = K'(Ko) if all sentences of K' 
are deducible from K u K 0 and all sentences of K are deducible from 
~' U Ko. Similarly, we say that K is consistent with K' with respect to 
Ko if the set K u K' u Ko is consistent. 
A sentence X is said to be of class 0 if it does not contain any quantifiers. 
X is of class U, orE, if it is in prenex normal form and does not contain 
any existential quantifiers- or does not contain any universal quanti-
fiers- respectively. Finally X is of class U E (of class E U) if it is in 
prenex normal form such that it does not contain any universal (existential) 
quantifier which is preceded by an existential (universal) quantifier. 
Thus, 0 C U, 0 C E, U CUE, etc. We shall also permit ourselves to say 
that a set of sentences K belongs to one of these classes if all the elements 
of K belong to that class. 
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A sentence X is said to be persistent in every increasing sequence of 
structures, briefly a-persistent, if for any increasing sequence of structures 
{Mn}, n= 1, 2, 3, ... , Mt C Mi for i C j, the condition that X holds in 
every M n implies that X holds also in the union M of the sequence 
M- U Mn. The set of sentences K is a-persistent if the union of every 
n 
increasing sequence of models of K is again a model of K. 
It is not difficult to see that if a set of sentences K is equivalent to a 
set K' of class UE then K is a-persistent. The converse of this statement 
is the theorem of Los and SuszKo which constitutes the main result of 
ref. 4 (previously announced in ref. 3- compare also C. C. CHANG, ref. 2). 
1.1 Theorem of Los and Suszko. If a set of sentences K is 
a-persistent then K is equivalent to a set K' of class UE. 
In particular, if K contains a single sentence only then it is readily 
seen that K' also may be supposed to consist of a single sentence (refs 3, 4). 
In the present paper, we prove a generalisation by relativisation of 1.1. 
A sentence X will be said to be a-persistent with respect to a given set 
of sentences Ko if the following condition is satisfied. 
Let {Mn}, n= 1, 2, ... be any increasing sequence of models of K 0 
such that M = U Mn also is a model of Ko. Then if X holds in all Mn, 
n 
X holds also in M. We introduce a similar definition for a set of sentences 
H in place of the single sentence X. 
1.2. Theorem. If a set of sentences His a-persistent with respect 
to a set of sentences Ko then there exists a setH' of class UE such that H 
is equivalent to H' with respect to Ko. 
The converse of 1.2 can again be verified without difficulty. For empty 
K 0 , 1. 2 reduces to 1.1 and our method yields a new proof of that theorem. 
If K 0 is, or is equivalent to, a set of class UE then the assumption that 
all M n are models of Ko implies that M also is a model of K 0 • In this case, 
1.2 is an almost immediate consequence of 1.1 and is given as such in 
ref. 4. However, in the general circumstances considered above, 1.2 
appears to be rather more powerful than 1.1. 
In order to prove 1.2, we shall introduce the concept of an obstruction 
to arithmetical extension. The structure M' is an arithmetical extension 
of a structure M (ref. 6) and we write M C C M' if every sentence X 
that is defined and holds in M, holds also in M'. Note that X may well 
contain (some of) the individual constants of M. 
Clearly, if M C C M' and M' C C M" then M C C M". Also, 
1.3. Theorem. If {Mn} is an increasing sequence of structures 
such that 
then M = UMn IS an arithmetical extension of each Mt. 
n 
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1.3 is a special case of Theorem 1.9 of ref. 6. However, the reader who 
wishes to estimate the depth of the resources required for the purposes 
of the present paper will have no difficulty in proving 1.3 directly. 
2. Obstructions 
Let M, M' be two structures, M' an extension of M. We say that M' 
obstructs M if there does not exist an extension of M' which is an arith-
metical extension of M. 
2.1. Theorem. In order that a structure M be obstructed by an 
extension M' of M, it is necessary and sufficient that there exist a sentence 
X of class U which is defined and holds in M but which does not hold 
in M'. 
Proof. Let K be the set of sentences which are defined and hold 
in M and let N' be the diagram of M'. If K u N' is consistent then there 
exists a model M* of this set. As a model of N', M* is an extension of 
M' and hence of M. And since M* is a model of Kit is even an arithmetical 
extension of M. It follows that M' does not obstruct M. Thus, if M is 
obstructed by M' then K u N' is inconsistent. But if so, then the negation 
of the conjunction of a finite number of elements of N', Y(a1 ... ,an) 
say, n;;. 0, is deducible from K where we have indicated the constants 
of Y which do not belong to K, if any. It follows that the sentence 
X= (z,) ... (zn)Y(zl, ... , Zn) 
is deducible from K and hence, is contained inK, and holds in M. But 
the sentences Y(a~, ... , an) and X do not hold in M' and so the condition 
of the theorem is necessary. 
To prove sufficiency, we note that by assumption X is defined in M' 
but does not hold in it. Let 
where Y does not contain any further quantifiers. Then ,...., X and hence, 
the transform of ,...., X into prenex form, 
holds in M' and hence in every extension of M'. But if so then X cannot 
hold in any such extension, proving sufficiency. 
Let M be a structure and let K' be a set of sentences. We say that 
K' obstructs M if every model M' of K' which is an extension of M, 
obstructs M. 
2.2. Theorem. In order that the set of sentences K' obstruct 
the structure M it is necessary and sufficient that there exist a sentence 
X of class U such that X is defined and holds in M and ,...., X is deducible 
from K'. 
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Proof. The condition is sufficient. For suppose there exists a sentence 
X of the required kind and let M' be an extension of Manda model of 
K'. Then r-..~ X holds in M'. But r-..~ X is equivalent to a sentence of class E 
and so it holds also in any model which is an extension of M'. On the 
other hand, X holds in M. It follows that no extension of M' can be an 
arithmetical extension of M. 
The condition is necessary. Suppose that it is not satisfied and let H 
be the set of all sentences of class U which are defined and hold in M. 
Then K' u H must be consistent. For if K' is inconsistent then the con-
dition of 2.2 is satisfied trivially. While if K' is consistent but K' u H 
is inconsistent then there exist sentences x~, ... , Xn E H, n;;;. l, such that 
r-..~[X1 A ... A X 11 ] is deducible from K'. Furthermore, a simple modi-
fication (renaming of bound variables and shifting of quantifiers) shows 
that X 1 A ... 1\ X 11 is equivalent to a single sentence X of class U which 
is defined in M. Then X E H and r-..~ X is deducible from K'. Thus, the 
condition of the theorem is actually satisfied, contrary to assumption. 
Suppose then that K' U H is consistent and let M' be a model of 
K' u H. H contains the diagram of M and so M' is an extension of M. 
Now suppose that M' obstructs M. Then by Theorem 2.1, there exists 
a sentence X of class U which holds in M but which does not hold in M'. 
But since X holds in M it belongs to H, and since M' is a model of 
K' u H, X must hold also in M'. This yields a contradiction and proves 
the theorem. 
We say that the set of sentences K' obstructs the set of sentences K 
if there exists a model M of K such that K' obstructs M. 
2.3. Theorem. In order that a set of sentences K' obstruct a set 
of sentences K, it is necessary and sufficient that there exist a sentence 
Y of class UE which is defined in K' and deducible from it such that 
r-..~ Y is consistent with K. 
Proof. The condition is sufficient. Suppose that it is satisfied and 
let M be a model of K U { r-..~ Y}. 
Let 
Y = (x1) ... (xk)({f[ Yl) ... ([il Ym)Z(xl, ... , Xk, y~, ... , Ym) k;;;. 0, m;;;. 0, 
where Z does not contain any further quantifiers. Since r-..~ Y holds in M 
it follows that for some a~, ... , ak EM, the sentence 
holds in M. On the other hand, since Y is deducible from K', the same 
applies to the sentence 
and hence to r-..~ X. Thus, the conditions of 2.2 are satisfied, K' obstructs M. 
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The condition is also necessary. If K' obstructs the model M of the set 
of sentences K, then there exists a sentence X of class U, 
where Z does not contain any further quantifiers, such that X holds in 
1'1tl while ,__,X is deducible from K'. The constants ar, ... , ak that we have 
distinguished in the above expression for X are those that occur in X 
but not in K', if any. It follows that the sentence 
IS deducible from K', while ,__, Y, which is equivalent to 
holds in M and hence is consistent with K. This completes the proof of 2.3. 
We say that the set of sentences K' obstructs the set of sentences K 
everywhere if every model M of K is obstructed by K'. Note that if K 
is not consistent then any K' obstructs K everywhere but does not 
obstruct K. However, if K is consistent then the fact that K' obstructs 
K everywhere entails that K' obstructs K. 
2.4. Theorem. In order that K' obstruct K everywhere it is 
necessary and sufficient that there exist a sentence Y of class UE which 
is defined in K' and deducible from that set such that ,__, Y is deducible 
from K. 
Proof. If K is not consistent then K' obstructs K everywhere, as 
stated above. On the other hand, in that case, any provable sentence Y 
which is defined inK' is deducible from K' while its negation is deducible 
from K. Since the given set of relations is not empty it is not difficult 
to construct a provable sentence of class U E which does not contain 
any individual constants and hence, is defined in K'. Thus, 2.4 holds if 
K is inconsistent. 
Suppose next that K is consistent and that the condition of 2.4 is 
satisfied. In that case, let M be a model of K. Then M is a model of,__, Y 
also. We may therefore show as in the proof of 2.3 that K' obstructs M. 
Since M is an arbitrary model of K it follows that the condition is 
sufficient. 
To prove necessity, let H be the set of sentences of class UE which 
are defined in K' and deducible from that set. If X1 E H, X 2 E H then 
by shifting (after previously renaming, if necessary) bound variables in 
X11\ Xz, it is easy to find an element X3 in H which is equivalent to that 
conjunction. It follows that if every sentence of H is consistent with K 
then the entire set H is consistent with K. Indeed, if His not consistent 
with K, then for some X1, ... , Xn E H, X11\ ... 1\ Xn is not consistent 
with K, and so for some X E H, X is not consistent with K. 
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Suppose then that H is consistent with K and let M be a model of 
K u H. Then we maintain that M is not obstructed by K'. For if it were, 
then by 2.2 there would exist a sentence X of class U such that X is 
defined and holds in M while ,....._ X is deducible from ]('. If so, let 
X=(yl) ... (Ym)Z(ab ... ,ak,?Jl, ... ,ym), k-:;.0, 
where we have distinguished the individual constants which occur in X 
but not in K'. Then the sentence 
2.5. 
is again deducible from ](' while the negation of this sentence holds in 
M. But 2.5 is an element of Hand so it must itself hold in M. This yields 
a contradiction and shows that H is not consistent with K, and hence 
that for a particular element Y of H, ,....._ Y is deducible from K. The 
proof of 2.4 is now complete. 
2.4 will not be required for the proof of 1.2. 
3. Proof of Theorem 1.2 
Suppose that the set H is a-persistent with respect to the set K 0 • 
Let H' be the set of all sentences of class U E which are defined in and 
deducible from, H u Ko. We propose to show that H = H'(Ko). 
At any rate, all sentences of H' are deducible from H u Ko. It follows 
that if our assertion is not true there exists an X E H which is not 
deducible from H' u Ko. If so then the set K=H' u K 0 u {,...._X} is 
consistent. Let M1 be a model of this set and suppose that H u Ko does 
not obstruct K. Then there exists an extension M 2 of M 1 which is a 
model of H u Ko such that some extension Ma of M2 is an arithmetical 
extension of M1. Then Ma is a model of K and so there exist extensions 
M4 of Ma andMs of M4 such that M4 is a model of HuKo and MaCCMs, 
M 5 is an arithmetical extension of Ma. Continuing in this way, we obtain 
an increasing sequence of structures {Mn} such that M2k is a model of 
H u K 0 and M2k+1 is an arithmetical extension of M2k-1, k= 1, 2, .... Then 
M = UMn= UM2k= UM2k+1 
" k k 
is an arithmetical extension of each M 2k+b by 1.3, and accordingly, 
satisfies ,....._X and Ko. On the other hand, M is a model of H since H is 
a-persistent with respect to Ko, and Ko holds in M and in all M21c.· 
Hence, M satisfies X. This is impossible and so H U Ko obstructs K. 
It now follows from 2.3 that there exists a sentence Y of class UE which 
is defined in H U Ko and deducible from it such that ,....._ Y is consistent 
with K. But, by the definition of H', Y E H' and so Y E K. Thus we have 
again arrived at a contradiction and this shows that an X as described 
cannot exist. Accordingly, all sentences of Hare deducible from H' uKo, 
and so H = H'(Ko). This proves 1.2. 
As an immediate consequence of 1.2 we have 
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3 .1. Theorem. If a sentence X is a-persistent with respect to a 
set of sentences Ko then there exists a sentence X' of class U E such that 
X is equivalent to X' with respect to Ko, i.e. such that X = X' is 
deducible from Ko. 
Proof. Put H ={X} in 1.2. Then there exists a set H' of class UE 
such that H - H' (K0 ). A familiar argument now shows that H' may 
be supposed to be finite. By transforming the conjunction of the element 
of H' into prenex normal form as indicated earlier we obtain the required X'. 
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